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is COPPER = copper?

Motivation:

X Material behavior in small
dimensions is not scale-
invariant anymore

v’ centimeter-sized specimen
can be used to predict meter-
sized components
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e How to predict plastic and hardening behaviour of components and devices?
e Scale of interest: several um sizes becomes more and more important

e Influence of dislocations not negligible for:

size effects, stochastic effects, physical hardening models
phenomeno-

logical C.T.s

MD

16.09.2012




Stefan Sandfeld:
A multiscale approach to plasticity: the Continuum Dislocation Dynamics theory, = meneraLExanDeR
ERLANGEN. NOANBERG

GAMM summer school ‘Multiscale Material Modeling’, Bad Herrenalb, Germany, 2012 TECHNISCHE FAKULTAT

e How to predict plastic and hardening behaviour of components and devices?
e Scale of interest: several um sizes becomes more and more important

e Influence of dislocations not negligible for:
size effects, stochastic effects, physical hardening models

phenomeno-

The Continuum Dislocation logical CT.s
Dynamics Theory (CDD)

e

MD

2

! large range of um, arbitrary
dislocation density
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DD

averaging

discrete dislocation dynamics continuum dislocation dynamics

* evolution of dislocation
density/curvature

* internal stresses > statistics

* computational cost independent
of number of lines (density!)

* movement of discrete lines

* internal stresses = analytical
expressions

e limit: number of (interacting)
lines
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1. Macroscopic system
- boundaries and boundary
conditions (BCs)
| - external load: strain rate etc

9 a
4 5. Homogenization ™ . .

2. Project stresses to slip T=M:0
plastic slip y on glide planes + planes from... :
compatibility condition
- continuous plastic strain &' - external load, BCs (from 1)

(macroscopic crystal) ‘ - plastic strain (from 5)
A -

\

3. Constitutive equations
’
m—

4. Continuum Dislocation
Dynamics (CDD)

- Evolve dislocation microstructure (o)

- statistical model of
microscopic stresses
(dislocation interaction)

- Time integration > plastic slip y
-

. -dislocation velocity ~ |
L v T (%)

\_’
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For the next derivations and benchmark tests:

* we assume the dislocation velocity to be given

H

* no short range/long range stresses and interactions
from dislocation microstructure

e this is unrealistic but makes sense as validation for the dislocation
kinematics (=movement of lines or density)

Y

3. Constitutive equations
o
- statistical model of o j
microscopic stresses
ion interaction)

4. Continuum Dislocation
Dynamics (CDD)

- Evolve dislocation microstructure (o)

Time integration = plastic slip y
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The classical continuum theory of dislocations
(Kroner, Nye, Bilby, Kondo in the ~1950s)

inhomogeneous plastic distortion

I
a =curl g°
’B causes a dislocation density
diva =0 dislocation lines do not start or end

inside the crystal

= curl(—vxe) ... - closed only for special case

KRONER-NYE dislocation density tensor a.:

I
ata =curl atﬂp evolution equation — generally not closed

4

Already Kroner was well aware of ...
e the limitations of the dislocation density tensor
e the gap between dislocation physics and continuum plasticity in general
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KRONER-NYE dislocation density tensor o

o =curl ﬁpl inhomogeneous plastic distortion
causes a dislocation density
diva =0 dislocation lines do not start or end
inside the crystal
| . .
o = curl &ﬂp evolution equation — generally not closed
= CUI’|(—V X 0!) ... - closed only for special case

/

Limitations of the averaged density tensor a={(a,)

A 1= (5.8 A 1= (5.6 =0
=50, I on £\
! ) = Qg /T : i) =10

. ! v .S ha? .5
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KRONER-NYE dislocation density tensor a.:

~
o = curl ﬁpl inhomogeneous plastic distortion
causes a dislocation density
diva =0 dislocation lines do not start or end
inside the crystal
o = curl a:,B”' evolution equation — generally not closed
=curl(—vxea) ..-closed only for special case y

Limitations of the averaged density tensor a={(a,)

- . 1

~ ‘4 L ‘.' © "| - . 1
y o fi=y ('),.5{ : A
| | Q@ = (gt J T A
y | X Sty 0ns - 1
T Osex ... S s
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In general, a does not fulfill 3,8P! = curl(—v x a)
because...

velocity of line ,,c"\ Burgers vector
o, = —curl<6t,8 p'> = —curl<z SVxE ® b> =,—curl Z((éy) x(£,)®b)
A__4 ® 1 T p A
g Fa— o
volume averaging < ... > line no. ,,c* taf‘ge“t”of average average line
line ,,c velocity direction

Applicability of the averaged Kroner-Nye tensor:

OK: only 1 dislocation present (discrete case)

OK: smooth line bundles with same tangent vector & and velocity v

* BUT in general: averaging volume contains lines of different orientation
\ -> averaging yields pgyp < p ,
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2D Continuum dislocation dynamics (Groma 1997):

continuum theory of straight parallel edge dislocations, e.g.
applied to... ,
Model composite e
4 [ 4

S. Yefimov et al. / J. Mech. Phys. Solids 52 (2004) 279-300 . ™

Dislocation distribution with 2D-DD  Dislocation density with 2D CDD
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H. Cleveringa et al. / Acta
Mater 1997; 45:3163.

Plastic strain with Groma CDD

FE-mesh distortion with 2D-DD

Plastic strain with a model by M. Gurtin 2002

S. Yefimov
etal. /).
Mech. Phys.
Solids 52
(2004) 279-
300

E.
Bittencourt
etal. /).
Mech. Phys.
Solids

51 (2003)
281-310
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Hochrainer’s Continuum Dislocation Dynamic (CDD) theory
(HOCHRAINER, ZAISER & GUMBSCH, Phil. Mag.87 (2007))

( - i R dac dc
distinguish line segments according to their tangent L = —= = | -, k(s)
line orientation ¢
- lift of the line: ¢(x,y) - C(x,y, @)
( . . . . R
average over the lift of the dislocation line
(“controlled averaging”)
( B I
higher-dimensional continuum field description of
dislocation microstructure
continuous representation of dislocation flow SZ‘.""” dislocation loop (red) and lifted
islocation loop in the configuration
- dislocation density tensor of 2" order o." space (blue)
L v
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Hochrainer’s Continuum Dislocation Dynamic (CDD) theory

9
Two main ingredients for the 'lift": ,
penerakred
'u-lw::?‘.' v \\)
° generalised line direction L —
. &
L”_._,I —] (| OS82, ST 2, ,\",. s ) Bae N [
. | /-‘\‘i.\ Lo
% - (A’ - ',\\_— ‘,/
0 generalised velocity V Z4 Cc"’
“/'“_-'.| = ("‘5“-{- veos o, =) ) spatiat valocity v
with Figure: The srrows indicate the spatisl

velocity and geseralized velocity along the
respective spatisl and lifted line

f: lines’ curvature

i): rotational velocity
~+ causing a line to move in orientation direction = rotation

—+ basically a velocity gradient along the line
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Can we obtain a closed form of the evolution equation for o''?

dal! = (u||< +V x 4€ ¢ b> curl ( e V) = ( l; ; b)
G

\ \
ol
generalized veloc gerneral. line™ direction
da! = —curl (V x ')

...holds under much weaker assumptions: Dislocations in an
averaging volume with same line direction...

© must have the same curvature
@ glide with the same magnitude of velocity

KRONER: dislocation lines in an averaging volume must have
same line direction  the same velocity v
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CDD side-by-side with the classical Kroner theory

g&?tlig:nsny 5.(r)=| f Slels)—r)ds 6,3(r)=J‘ 3(C(s)—(r,p))ds

dislocation =Y 6 —®b> ol =(> 5 —Ob\
density tensor ll Z s Z “d

} fengih
scalar dislocation Z de | dc \ of
density ds'; “ds / ‘__%:“fvs
(average spatial/ de\ ac\ . e
generalized) = 64'3? p L=<§ 5cd—s->p =(l,k)
line direction :
density tensor —o,=plob —ap o =pLOb

18
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CDD side-by-side bith the classical Kroner theory

discrete i e dc 75, P 1 | G
disloc. current J"E_ZO" arraadll MY _;bcl i TR
dislocation o _<26 de LN | on =(,ZG d_C®b>
density WIkeER g | TN e
E.valmon Of, 0, &, =—curl (J‘:.frl 8,0, g =—curl ::J,,.‘:“]:r,'b»l
disloc. density

-> both theories are very similar from a formal point of view

19
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What do the governing equations look like?
= if only dislocation glide in a slip plane is considered, a'! can be expressed
in terms of scalar density p % and average curvature £:
P01 )

. re R?
a e = Pr.oLra®b=| pr.o-l" ) |®b Wlth{ phi [0..27)
P.0) K o)

components
of tangent
to the
spatial loop

I X
(p) = cosg

17 (p) = sing

h
\ v )| p: scalar density
S oo | i \ ¥ k: average curvature
L: higher-dimensional *

line direction
b: Burgers vector
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e evolution of dislocation density tensor 2" order '/ can be

substituted by two scalar evolution equations:l)

o evolution of scalar density p -
O p = ~div (pv) ~ 9,(p) + pvk

° evolution of mean dislocation curvature k| [R®S
Ok = —vk* 4+ Vi(d) — Vv k
e o and & both live in the configuration space X x & x §

e v must be given, e.g. v = 5 (" 7" £ 1) if [P~ P > 7
~+ closure problem of dynamics

1) Sandfeld et al., Phil. Mag. (90) 2010
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Exploring the 2D system:
interpreting the components of the evolution equations

evolution of scalar density: &, p=-(div(pv)+d,(p®))+pvk
wDiy o ¥

ap=-divipv). spatial transport of density
(spatial equation of continuity)

ap=.-dyp9) transport of density in angular direction

aoeds uogeinby
2yj uj yodsuey

ap=.-pvk increase of density due to line
production of curved segments

22
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Exploring the 2D system:
interpreting the components of the evolution equations

evolution of curvature: 9 k=-vk"+V (8)-V (k)

ak=-vk'.. change of curvature as for an
expanding/shrinking circular loop

ak=.+V,9) . change of rotational velocity along the
lifted line (2nd derivative of velocity)

dk=.-V (k) curvature change in direction of motion (Euler)

23
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Expanding loop with anisotropic velocity, v=f(¢)
d,0=—dv(ov [EHEEN ovk.  ok=-w' NS \ )

* §: rotational velocity (vertical component “‘]

of generalized velocity) f

- ' generatized '
-#=V, v=e8@d, v-sn@d v+kd, v | yelocty v —3 l

* for v=const (expanding/shrinking loop). ‘!
a (pd)=0 |

* anisotropic velocity v= /() : I .
(,7"I(‘)3) # 0 l *’ . -

spatial uqlodfy v

24
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Exploring the Evolution Equations -
Anisotropic velocity

-

(spatial) velocity along the
line

Expanding loop: anisotropic velocity, v=f(p)

rotation of a line
segment (red) during
loop expansion due to
anisotropic velocity law

25
. Euatial densaty dastrabuteon
A multiscale approach t >
GAMM summer school ‘M (o
st @
c
o “ .
=
2 : o) xr _' 1
.‘2 o - (n) walw denmity p(x, 9} = [y, a0 = ) yepected dessity 1. 9) = | @m0 lo
T v -q—J ] . e =)
©c c )
4= (@© 3 Evolved density dustnbution
Xy
L 4 b -
S =%
w Q
c O w
© O
Q —
x o Ay T
wo

7} .

r
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Boundary conditions in CDD — analyzing the path of dislocations

in fact, we only
have density
representing a
loop distribution,
there are NO
discrete
dislocation loops!

boundary layer

boundary impenetrable for
dislocations
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Boundary conditions in CDD — analyzing the path of dislocations

) [ x-phi plane: ] L e x-y plane: ]
HE
impenctrable wall = a
20x 13 i * - e
e 0
it [ =g {.3
1L 3 , \5 :\\/
Law / )
: 0 7~ 7o)
et
on “--_——\"-
0.5x oo v
=0 ' , g boundary layer
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Quadratic ,grain’ with impenetrable boundaries

Initial values:

* circular dislocation loops,
radius r = 2um

* all loops stem from e.g. Frank-
Reed sources (= plastic slip)

* total density p=0.1 = 103m2

A

in the boundary region

Velocity and boundaries:
*v=const in the inner part

v>0

> boundary layer

boundary conditions are

realized as flux boundary
conditions

boundary impenetrable for
dislocations

Dpes

t
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Quadratic ,grain’ with impenetrable boundaries

Dislocation field quantities for the left half of a quadratic cell (I=20um) with
impenetrable boundaries:

total density GND density curvature plastic slip
" Alﬂ”m""] I [l(l':'m‘uj’ * [gem ’I T -]
025 025 1.50 0.80
0.20 0.20 120 0.64
0.15 0.15 0.90 0.48
| D.10 010 | 0.60 [ 0.32
{008 0.05 |0.30 016
000 000 000 000

Initial values: Velocity and boundaries:

« circular dislocation loops ,
radius r = 2um
* total density p=0.1 = 103m=

* constant velocity in the inner part
«velocity = 0 in the boundary region
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Quadratic ,grain‘ with impenetrable boundaries

Dislocation field quantities for the left half of a quadratic cell (I=20um) with
impenetrable boundaries:

total density GND density curvature plastic slip
I .I(I"m""} K \l('l“m"" i e ]l -]
0325 0.25 150 2.80
.I,
4 kL 0.20 l 120 0.64
- 015 015 0.90 0.48
i Y010 M o0 ¥ 0.60 S
0.05 .05 0.30 16
3
0.00 0.00 0.00 0.0on
Initial values: Velocity and boundaries:
« circular dislocation loops , « constant velocity in the inner part
radius r =2um «velocity = 0 in the boundary region

* total density p=0.1 = 103m=
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Quadratic ,grain’ with impenetrable boundaries

Dislocation field quantities for the left half of a quadratic cell (I=20um) with
impenetrable boundaries:

total density GND density curvature plastic slip
I _l(l“m""j " ‘I('l”m’"’ I [pem !1 »}
150 0.80
1.20 0.64
': 0.90 0as
M  0.60 Y032
R 0.30 0.16
°
|00 0o 000
Initial values: Velocity and boundaries:
« circular dislocation loops , * constant velocity in the inner part
radius r = 2pm «velocity = 0 in the boundary region

* total density p=0.1 = 103m=

16.09.2012
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Blanckenhagen et al., Acta
Mater 52, 2004

Time

\ 4
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Simplifying the
higher-dimensional
CDD

34

16.09.2012
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Reduction of degrees of freedom by integration over orientation
space (HOCHRAINER et al. 2009, AIP Conf. Proc. 1168(1))

oo

" (r.0) = pir.o)Lir. ) @b = ) |@b with) "<
a o= pralep@D=1 pr.e-1 ) phi [0..27)

P.0) K o)

X
I (p) = cosgp

17 (p) = sing

2r 2r
pln= I,O(r,w)d(l?, q'n= _[p(r,w)-k(r,w) de
0 0

e N2
2r 2r
2
K= le(w)pu,w) do, K= Ily«p)p(r,«p) do
0 0
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Reduction of degrees of freedom by integration over orientation
space (HOCHRAINER et al. 2009, AIP Conf. Proc. 1168(1))

P01 0
1" y . re Q2
a r.o)=pr.oLe.o®b=| pr.o 1V |[®b with ohi

P.0) K o)

27 2.8
pln= _fp(r,w)dco, qt<r)=Tp(r,¢>-k(r,¢> de
0 0

e R?
2r 2r
1 2
K (n= le(w)pu,w) do, K°(n= Ily(w)p(r,w) do
0 0

16.09.2012
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Reduction of degrees of freedom by integration over orientation
space (HOCHRAINER et al. 2009, AIP Conf. Proc. 1168(1))

P01 )
" L ®b 1Y ®b with re W
a ) = ’ ' = ’ ’ i
(ro) = P o)L(r.9) pwo1 (e phi €[0..27)
p(r,(p)'k(r,(ﬂ) X
1% (9) = cosyp

17 (p) = sing

11 and 12-components of Kroner tensor a

e N2

27 2z
2
K= I|X<¢)p<r,w> do, K= Ilyw)p(r,w) de
0 0

Stefan Sandfeld: =
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Derivation of simplified evolution equations:

I1 — 11
ata re) = —curl(V(r’(p) Xa (r,(p)) .

orientation

independent

6u0t — _(ax(VKZ) _ ay(l_”cl)) + vptE sCDD
= —div(vkt) + vp'k

atk = (—ay(vpt), - ax(vpt))

9.k = —vk? — %(Pt;_fcyl‘lv_l_pt;thw’vv) _ #([}V,‘vv — UVKVE)
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dislocation velocity V = — 17 with b: Burgers vector, B: drag coefficient

5 Sgn(ro)0r0|—|ry|) if |r0|>|ry|

= where z,=7 . +7. -7, —T
It . 0 t b — Tt
resuiting 0 OtherWISe ex sSC

WY

resolved shear stress (from elastic BVP, e.g. strain rate) <
self-consistent stress (from elastic eigenstrain problem)

T, *Vp® back stress (short range interaction)
~V?y (proportional to gradient of GND density)

1, =Gb% line tension (short range interaction)
(proportional to average curvature)

T,~p'2  vyield stress
(proportional to square root of total density)
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Homogeneous loop distribution with Taylor-type hardening

Az
yp = Iu'l.', thik = —{'I\"“, hy = j-;u_'hll;
0

—— . S | |
= B_llrlrlll ~ (0.5ub)\/p(t) - 1,"1'[/)‘ where |.] := { 0 for

otherwise,

Tesl?

\ el |

oo 1) 0015 s nools

@ homogeneous distribution of circular

loops. radius ¢
® homogeneous distribution of parallel
glide planes

2zr
=y

@ distance of centers D) = p = 735

@ quasi-static loading conditions

@ different initial dislocation radii
const. initial density po = 510" m

® ;= 10GPa, B = 50Paus, b = 0.22nm
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Bending of a thin, single crystalline film

Size dependence of the flow stress for
different surface strains

Geometry and details of the double-slip
bending system

n,
‘
> axial plastic strain
c ”
» — ().008 -
B O | esssses idenl |n|.|'-1 Wity "
; ~ -
. 0.006 +  DDD A
= : <C'DD o
» . #0004 b -
»” g o
Figure 1: Geometry 0.002
« flux“ boundary conditions similar to DDD 0.000) == " .
0 L h g

* 2 slip systems i 2
* 2 microscopic stress components: distance from neutral axis |
Taylor-type yield stress and back stress

* quasi-static load steps Figure 2: size effect and strain profiles

S. Sandfeld et al., Philos. Mag. 90, 3697 (2010), S. Sandfeld et al., J. Mater. Res. 26, 623 (2011).
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Bending of a thin, single crystalline film

Geometry and details of the double-slip Size dependence of the flow stress for

bending system different surface strains
n,
‘ — Ll -~ ni — 0Nk
r-" _ 010
7:_ s
{ 4 ———r= head i
A A B s} \ st o DOD T
= ".~ M & _____r"'-.
. 4 4 Vi y |
& \ - &t |
” o = \ ([T W
T 4 N\ 0
Figure 1: Geometry = % \\ distabee fram poutrad ux
U \ -
» o 9
* only 2 free parameter for Taylor-type yield gl TR (e =l
stress and back stress (quality: almost it =l — ‘1
universal constants) ¢ 3 ‘ . '

* strain profiles and size-effect reproduced

(match with experiments and DDD) Figure 2: size effect and strain profiles

S. Sandfeld et al., Philos. Mag. 90, 3697 (2010),  S. Sandfeld et al., J. Mater. Res. 26, 623 (2011).

16.09.2012

21



Stefan Sandfeld:
A multiscale approach to plasticity: the Continuum Dislocation Dynamics theory,
GAMM summer school ‘Multiscale Material Modeling’, Bad Herrenalb, Germany, 2012

RIEDRICH-ALEXANDER
NIVERSITAT
RLANGEN-NURNBERG

TEGHNISCHE FAKULTAT

Mechanical annealing (,dislocation starvation’)
ot T T T
oo

007
oo

wrens [GPal

204
oo

ogt 4
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Intermittent plastic behavior:

Dislocation nucleation within the CDD theory
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* Point of departure for derivation: higher-dimensional CDD

* Extra source-terms:

0tPsrc = qksre  and  Oikgye = %ksrc(ksrc —k)

q: rate of plastic deformation due to sources
kgrc: initial curvature of newly formed loops

Averaging the above CDD evolution equations Newly introduced loop in physical space

. . ege . . . (bottom) and in the configuration space
yields the simplified CDD equations with sources: (T. Hochralner, PhD thesis. 2006)

atpt = _diV(VKJ') + thl; ar psrc
0tk = (—5y(vpt + psrc/ksrc)r - ax(vpt + p.src/ESTC))

= 7o 1fpt+pS ptepG 13 3 _
ok = —vk —( e F(kV,cvv v k)

2
"'+pSTC(ksrC — ";) — ApSTC/(ZkSTC)
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Two possible types of nucleation processes in CDD

1. Quasi-discrete sources
(S. Sandfeld et al., AIP Conf. Proc., Vol. 1389, 1531-1534, 2011)

t 4
* similar to the discrete f ~ "¢
I_. @..
Frank-Read sources 4 ~
e 4
¢ ..but: initial bowing-out
is not considered o7 TN

¢ continuum source emitts ¥
density with curvature and
plastic slip

(Apgrc instead of pgrc !

* activation of the source:
average shear stress under source area > critical shear stress
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Two possible types of nucleation processes in CDD:

2. Continuous “source field”

* average description of many
Frank-Read sources

* each point of the continuum:
influx of density (2 pg ) with
certain curvature (and plastic slip)

Temporal averaging results in:

* no discrete activation Ps = pv !
* (after some threshhold...) ; ?
influx proportional to P - ”/
local stress -
/ Cd
L=
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+ System: =,

+ 0-dimensional = homogeneous in x and y direction i

- constant strainrate  £=10°s"=+¢,, =Gé

+ material parameter : »=0.256nm, B=5.e-6GPa/ps,
E=128GPa, v=0.33, T=4GPa/nm? a=0.4

* Velocity is a function of 7oy, T;y = Tk and 7, = aGb,/p

Evolution equations (9, such that 1 loop is emitted upon activation)
... source inactive:  p, =vpk K =—vk? 7=Vp,|b|

... source active: po=VPK+p, K =—vk? +&(ks k) 7=(pra/k)b
Pt

* Initial conditions:  p,,=10%/m*  k,=0.005/nm (r, =200 nm)
p,=10%/m?  k,=0.00455/nm (r, =220 nm)

T
* Source parameters: ¢ '—:58.85MPa

crit = b |

src
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Texe increases while
. . - simultaneously...
_resultin :

A

T,es decreases

-> source gets shut
down

Tres > Terit*
-> source firing:
Pror and k increase

...loops expand
>k decreases,
Ptor increases

changes due to
evolving microstructure
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(b) stress components: yield stress 7, line tension 7; and
resulting stress Tras.
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Quasi-discrete sources: the system
» circular slip plane (radius R) with constant resolved shear stress 7,
* pure edge source, source length g, @
* critical stress for activation ¢y = 267/,
* line tension (simplified): 7;; = Gb*k with the dislocatipns’ curvature k=1/r
* pure edge source: loop diameter ~ 1.5% L.

Text

Text

2R

lSTC I

dislocation
density
distribution

Burgers vector
b= (b, 0 0)
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W
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[10"/n7]

dislocation density
average stress

Here, the back stress plays an important role for activating the source
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snapshots of density evolution in a 2D source distribution
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snapshots of accumulated plastic slip in a 2D source distribution
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Summary and Outlook

16.09.2012

28



