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• moving continua, contact forces
• stability assessment
• influence of transport motion & damping
• influence of normal contact modelling
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Engineering Problem

- system of elastic continua
- moving (some of them)

- contacts (closed)
- sliding friction

Hamilton‘s Principle

normal contact tangential contact
sliding friction

Disc brakes (still) squeal !
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H‘s P:

discretization

Discretisation

Transport motion

Discretization - moving continua (with spatially fixed boundaries)
- description in an Eulerian frame

ansatz:

transport motion sliding friction normal contact

ex.: moving string, fixed boundaries

analogously: 
beams, plates, …
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Sliding friction

- positions- and velocities
- coefficient of friction
- contact law

depending on

e.g. Coulomb

value

orientiation

from contact-law

virt. displacement contact kinematics
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Normal contact / contact discretization

Lagrange-multipliers

in simple cases
by ansatz functions

usually: discretization DAE

Regularization (Penalty)

≅

 

„contact stiffness“

penalty parameter
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Linearized equations of motion

Regularization (Penalty)

constraints by ansatz functions
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Model of a disc brake

- symmetric - skew-symmetric

omitting negligible parts (               …)

load parameter

- rotating Kirchhoff - plate
- compressible pads
- normal contact kinematically
- detailled contact kinematics ,

matrices:
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brake model (simplified)

3091 Hz

3081 Hz

Re

Re

• real eigenvectors
• different eigenfrequencies

stable

Re

Re

Im

Im

3086 Hz

eigenfrequencies

real part

• complex eigenvectors
• on eigenfrequencies

instable
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Brake model (complete)

stability border

• Thomson-Tait-Chetayev does not 
apply for circulatory systems

• specific effects in circulatory systems with 
damping / gyroscopic contributions 
(„Ziegler‘s Paradox“)

stability assessment must account for
- transport motion
- damping + consistent fritcion linearization
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friction (vel.)

stable unstable

Modelling and stability assessment

stable unstable

friction (pos.)

stable unstable

motion of disc

transport motion +
complete friction
linearization

must be considered
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Brake model

stable

unstable
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Stability assessment in practice

FE discretization

• nonlinear deformations, 
linearization

• spatial friction, 
consistent friction linearization 
(position and velocity level)

• damping and transport motion often 
neglected (Thomson-Tait does not apply !)

User:

often only solves eigenvalue problems stab. border 
without G (FEM)

not detected

not considered !

Software:
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Modeling contacts in practice

(linear) 
contact stiffness

often: regularization (penalty) to enforce contact

source: 
Abaqus-Manual

physical interpretation: 
stiffness of the contact layer

• Oden-Martins – model

• exponential model

• etc.

linearisation

„hard contact“ limit case „hard contact“ not
sensible !
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Stability border

„hard contact“

„soft contact“ (exponential) 

new pad

wornunstable

from: Sherif: Investigation on effect of surface 
topography…on squeal generation, Wear, 2004 
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Conclusion

moving continua with frictional contacts

• contact modeling
• contribution due to friction
• generic form of linearized equations

application: model of a disc brake

• stability assessment
• influence of transport motion
• assessment in practice
• relevance of a constitutive model for the normal contact
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